In this paper, we study the existence and uniqueness of common xed point of six self-mappings in Menger spaces by using the common limit range property (denoted by (CLR ST )) of two pairs. Our results improve, extend, complement and generalize several existing results in the literature. Also, some examples are provided to illustrate the usability of our results.
Introduction and Preliminaries
The famous Banach Contraction Principle in metric spaces was proposed in 1922. From then on, there were so many generalizations of metric space, one of which was the probabilistic metric space. Menger rst introduced the notion of probabilistic metric space in 1942 [1] . Sequentially, in 1960, Schweizer and Sklar investigated and obtained some results with relevance to this space [2] . In 1972, Sehgal and Bharucha-Reid [3] generalized the Banach Contraction Principle to complete Menger spaces, which was a milestone in the development of xed point theory in Menger space. In 1982, Sessa [4] introduced the notion of weakly commuting mappings in metric spaces. In sequel, in 1986, Jungck [5] weakened weakly commuting mappings to compatible mappings in metric spaces. In 1991, Mishra [6] introduced compatible mappings in Menger spaces. In 1998, Jungck and Rhoades [7] proposed the notion of weak compatibility if they commute at their coincidence points, and proved that compatible mappings are weak compatible but the reverse does not hold. In 2002, Aamri and Moutawakil [8] introduced the property (E.A) of one pair and the common property (E.A) of two pairs, and obtained common xed point theorems in metric spaces. In 2005, Liu [9] used common property (E.A) to obtain the corresponding xed point theorems. Later, in 2008, Kubiaczyk and Sharma [10] introduced the property (E.A) in PM spaces and got some xed point theorems. In 2011, Sintunavarat and Kumam [11] introduced (CLR S ) property and got the xed point theorem in fuzzy metric spaces. Soon, Imdad, Pant and Chauhan introduced [12] (CLR ST ) property, and obtained some xed point theorems in Menger spaces. In 2014, Imdad, Chauhan, Kadelburg, Vetro [13] proved (CLR ST ) property of two pairs of non-self weakly compatible mappings under ϕ-weak contractive conditions in symmetric spaces. Singh and Jain [14] obtained a xed point theorem of six self-mappings in Menger spaces through weak compatibility. Later, Liu [15] utilized the property (E.A) to prove common xed point theorems in Menger spaces, which improved the result of [14] . Some applications of these kind of results can be see in [16] [17] [18] [19] [20] . Inspired by the above works, this paper utilizes (CLR ST ) property to obtain the common xed point theorems in Menger spaces, at the same time, uniqueness of common xed point is obtained. At last, we illustrate some examples to support our results.
To begin with, we give some basic notions with relevance to Menger spaces and distribution functions. Other de nitions used here can be found within [15] . The Heaviside function H is a distribution function de ned by 
De nition 1.1. A real valued function f on the set of real numbers is called a distribution function if it is nondecreasing, left continuous with inf
H(u) = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ , u ≤ , , u > .(T1) t(a, ) = a, t( , ) = ; (T2) t(a, b) = t(b, a); (T3) t(c, d) ≥ t(a, b) for c ≥ a, d ≥ b; (T4) t(t(a, b), c) = t(a, t(b, c)) for all a, b, c in [ , ].
De nition 1.4 ([14]). A Menger probabilistic metric space (X, F, t)(for short, Menger-space) is an ordered triple, where t is a t-norm, and (X, F) is a probabilistic metric space which satis es the following condition:
for all x, y, z in X and u , u ≥ .
Next, we will obtain (CLR ST ) property of six self weakly compatible mappings under certain conditions proposed by Liu [15] In view of (i) and (iii), for {x n } ⊂ X, there exists a sequence {y n } ⊂ X such that Lx n = STy n . It follows that Therefore, it su ces to prove that lim n→∞ My n = z. In fact, by (iv), putting p = x n , q = y n , we can obtain that
Letting n → ∞ in above inequality, then we have F ABx n ,Lx n (x) → F z,z (x) = . Thus, lim i.e., the pairs (L, AB) and (M, ST) share the (CLR (AB)(ST) ) property. 
Main results
Before proving our main results, we rst list two lemmas which will be used in the following section. 
Lemma 2.1 ([17]). Suppose that the function
for all > , then x = y. Now, we state and prove our main result. Since z ∈ ST(X), there exists a point u ∈ X such that STu = z. Putting p = x n and q = u in inequality (1), it yields that
Theorem 2.3. Let A, B, S, T, L and M be self mappings of a Menger space (X, F, t), with continuous t-norm with t(x, x) ≥ x for all x ∈ [ , ]. Suppose that the inequality (1) of Lemma 1.7 holds. If the pairs (L, AB) and
Letting n → ∞, we obtain that
From Lemma 2.1, there exists a strictly increasing continuous function
, for all x > . By Lemma 2.2, we obtain that z = Mu. Hence, z = Mu = STu, which shows u is a coincidence point of the pair (M, ST).
As z ∈ AB(X), there exists a point v ∈ X such that ABv = z, putting p = v, q = y n in inequality (1), we have
, for all x > . By Lemma 2.2, we obtain that z = Lv. Hence, z = ABv = Lv, which shows v is a coincidence point of the pair (L, AB).
Since the pair (M, ST) is weakly compatible, and by the previous proof, z = Mu = STu, then MSTu = STMu, it yields that Mz = STz. And since the pair (L, AB) is weakly compatible, and by the previous proof, z = ABv = Lv, then LABv = ABLv, it yields that Lz = ABz. Letting p = z, q = u in inequality (1), we obtain:
Sequentially, letting p = z, q = z in inequality (1), we obtain:
From Lemma 2.1, there exists a strictly increasing continuous function
Letting p = z, q = Sz in inequality (1), we obtain:
Letting p = Az, q = z in inequality (1), we obtain:
From Lemma 2.1, there exists a strictly increasing continuous function 
It yields that F z,t (φ(x)) ≥ F z,t (x). From Lemma 2.1, there exists a strictly increasing continuous function
, for all x > . By Lemma 2.2, we obtain z = t. Thus, A, B, S, T, L and M have a unique common xed point z.
If we take B = T = I(I ≡ the identity mapping on X), we have: [12] . Now, we illustrate an example to show that our main result of Theorem 2.3 is valid, and at the same time, the existing literature does not hold.
Corollary 2.4. Let A, S, L and M be self mappings of a Menger space (X, F, t), with continuous t-norm with t(x, x) ≥ x for all x ∈ [ , ]. Suppose that the inequality
F Lp,Mq (φ(x)) ≥ min{F Ap,Lp (x), F Sq,Mq (x), F Sq,Lp (βx), F Ap,Mq (( + β)x), F Ap,Sq (x)}
holds. If the pairs (L, A) and (M, S) share the (CLR (AS) ) property, then (L, A) and (M, S) have a coincidence point each. Moreover, if both the pairs (L, A) and (M, S) are weakly compatible, LA = AL, MS = SM , then A, S, L and M have a unique common xed point.

Remark 2.5. Theorem 2.3 generalizes Theorem 3.3 of [15]. Here, completeness of Menger space (X, F, t), the containment of L(X) ⊆ ST(X), M(X) ⊆ AB(X) and the closure of AB(X) or ST(X) can be replaced by (CLR (AB)(ST) ) property of the pairs (L, AB) and (M, ST). Simultaneously, BL = LB, MS = SM can be replaced with AL = LA, MS = SM. Of course, Theorem 2.3 also improves Theorem 3.4 of [15], the containment of L(X) ⊆ ST(X), M(X) ⊆ AB(X) and the closure of AB(X) and the property (E.A.) of (M, ST) or the closure of ST(X) and the property (E.A.) of (L, AB) can be removed, BL = LB, MS = SM can be replaced with AL = LA, MS = SM. Meanwhile, Theorem 2.3 improves results of [13] from symmetric spaces to Menger spaces. In other respect, Theorem 2.3 improves Theorem 3.4 of [12], from four self mappings to six self-mappings in Menger spaces. To above all, we can deduce that the inequality (1) is di erent from that of
Example 2.6. Let X = [ , ), with the metric d de ned by d(x, y) = x − y and de ne F x,y (u) = H(u − d(x, y)) for all x, y ∈ X, u > (refer to [15, Example 3.2]). It is obviously that the space X is not complete, since it is not a closed interval in real numbers R. We de ne t(a, b) = min{a, b} for all a, b ∈ [ , ]. Let A, B, S, T, L and M be self mappings on X de ned as
A(x) = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ − x, ≤ x < , , ≤ x < . B(x) = ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ , x = , x, < x < , , ≤ x < . S(x) = x + , ≤ x < , T(x) = (x + ), ≤ x < .
And L(x) = M(x) = . By a simple calculation, we can check the conditions in Theorem 2.3 hold true.
(1) Consider two sequences {x n } = { + n } and {y n } = { − n }. Then Lx n = , ABx n = A( ) = , My n = , STy n = S( (y n + )) = ( − n ) + = − n , which consequently it yields that 
Therefore, the pairs (L, AB) and (M, ST) have the (CLR (AB)(ST) ) property. It is obvious that ST(X) = [ , )
is not closed in X. In order to avoid tedious presentation, we omit the rest of proof.
Thus, all the conditions of Theorem 2.3 are satis ed, but is a unique common xed point of A, B, S, T, L and M.
Theorem 2.7. Let A, B, S, T, L and M be self mappings of a Menger space (X, F, t), with continuous t-norm with t(x, x) ≥ x for all x ∈ [ , ]. Suppose that the conditions (i)-(iv) of Lemma 1.7 hold. Then (L, AB) and
It can be noted that the conclusion in Example 2.6 does not hold if we utilize Theorem 2.7. Indeed, conditions (3) of Lemma 1.7 are not satis ed, i.e., the closure of ST(X). So we give another example, and obtain the corresponding uniqueness of common xed point which was proposed in Theorem 2.7.
Example 2.8. Assume the same conditions of Example 2.6, except that
S(x) = T(x) = ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ , x = , , x ∈ ( , ], x+ , x ∈ ( , ).
And L(x) = M(x) = . First, we can check the conditions in Lemma
1.7. (1) L(X) = , ST(X) = [ , ]. Thus, L(X) ⊆ ST(X). (2) Take x n = − n ∈ X. Then lim n→∞ AB(x n ) = lim n→∞ AB( − n) = { } and lim n→∞ L(x n ) = lim n→∞ L( − n) = { }. Therefore, lim n→∞ AB(x n ) = lim n→∞
L(x n ). It yields that the pair (L, AB) satis es the property (E, A). (3) ST(X) = [ , ]. It is a closed interval in R, of course, it is closed subset of X. (4) Check the inequality (1). Let
be an upper semicontinuous function with φ( ) = and φ(t) < t for all t > . For any p, q ∈ R and x > , we have F Lp,Mq (kx) = and 
At the last, ST
and SM = MS = { }.
Thus all the conditions of Theorem 2.7 are satis ed. From Theorem 2.7, A, B, S, T, L and M have a unique common xed point in X. In fact, by the de nition of A, B, S, T, L and M, is the unique common xed point of A, B, S, T, L and M in X.
Instead of the (CLR (AB)(ST) ) property of (L, AB) and (M, ST) in Theorem 2.3, we utilize the common property (E.A.) to obtain xed point theorems. 
Theorem 2.9. Let A, B, S, T, L and M be self mappings of a Menger space (X, F, t), with continuous t-norm with t(x, x) ≥ x for all x ∈ [ , ]. Suppose that the inequality (1) of Lemma 1.7 and the following hypotheses hold: (a) the pairs (L, AB) and (M, ST) have the common property (E.A.); (b) ST(X) and AB(X) is
ST(X) = { }∪{ }∪( , ) is not closed subset of X, but conditions (b') and (b") of Corollary 2.10 and Corollary 2.11 are satis ed, is a unique common xed point of A, B, S, T, L and M.
Remark 2.13. Theorem 2.9 improves Theorem 3.4 in [15] . Proof. Since (L, AB) satis es the property (E.A), there exists a sequence {x n } ⊂ X such that
Since L(X) ⊆ ST(X), for each x n , there exists a corresponding y n ∈ X such that Lx n = STy n . Therefore, we have lim It su ces to show that lim n→∞ My n = z. Substituting p = x n , q = y n in inequality (1), we obtain
Thus, (L, AB) and (M, ST) share the common property (E.A).
Remark 2.15. Theorem 2.14 shows that our common property (E.A) of two pairs (L, AB) and (M, ST) is weaker than containment of L(X) ⊆ ST(X) and property (E.A) of (L, AB). It is namely that Theorem 2.9 is indeed a generalization of Theorem 3.4 in [15].
Next, we extend common xed point theorem of six self-mappings to six nite families of self mappings in Menger spaces. Proof. The proof can be completed on the lines of Theorem 4.2 in Imdad et al. [12] . This can also be found from the process of proof in Theorem 4.2 in [12] . In fact, Theorem 2.16 improves results of Imdad et al. [13] , Liu [15] , and Imdad et al. [12] .
Application to metric spaces
In this section, by means of results in the above section, we propose corresponding common xed point theorem in metric spaces. In fact, every metric space (X, d) can be taken as a particular Menger space by F ∶ X × X → R de ned by F x,y (t) = H(t − d(x, y)) for all x, y ∈ X in [12] . which implies that inequality (1) in Theorem 2.3 is satis ed. Therefore, in each respect, condition of Theorem 2.3 is satis ed. And the conclusion of Theorem 3.1 can be obtained.
Take as a particular case, set φ(x) = kx, for k ∈ ( , ). We derive the following corollary.
